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Abstract

A central result of Marx [ToC ’10] proves that there are k-vertex graphs H of maximum
degree 3 such that n°*/1°8%) time algorithms for detecting colorful H-subgraphs would refute
the Exponential-Time Hypothesis (ETH). This result is widely used to obtain almost-tight
conditional lower bounds for parameterized problems under ETH.

Our first contribution is a new and fully self-contained proof of this result that further
simplifies a recent work by Karthik et al. [SOSA 2024]. Towards this end, we introduce
a novel graph parameter, the linkage capacity v(H), and show with an elementary proof
that detecting colorful H-subgraphs in time n°(*(#1)) refutes ETH. Then, we use a simple
construction of communication networks credited to Benes to obtain k-vertex graphs of
maximum degree 3 and linkage capacity Q(k/log k), avoiding the use of expander graphs. We
also show that every graph H of treewidth ¢ has linkage capacity (¢/logt), thus recovering
the stronger result of Marx [ToC ’10] with a simplified proof.

Additionally, we obtain new tight lower bounds for certain types of patterns by analyzing
their linkage capacity. For example, we prove that almost all k-vertex graphs of polynomial
average degree Q(k?) for some B > 0 have linkage capacity ©(k), which implies tight lower
bounds for such patterns H. As an application of these results, we also obtain tight lower
bounds for counting small induced subgraphs having a certain property ®, improving bounds
from [Roth et al., FOCS 2020|.
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1 Introduction

Over the past two decades, it has been discovered that complexity assumptions about exponential-
time problems imply far-reaching lower bounds for polynomial-time [13, 67, 68] and parameterized
[26, 56] problems. Among the first such results, it was shown that the Exponential-Time
Hypothesis (ETH) about the Boolean satisfiability problem implies an nf2k)_time lower bound
for the seemingly unrelated parameterized problem CLIQUE of detecting k-cliques in n-vertex
graphs [16, 17]. This lower bound solidifies the status of CLIQUE as a canonical hard problem in
parameterized complexity.

Ideally, a reduction from CLIQUE to some target problem would also transfer the n®*)-time
lower bound under ETH from CLIQUE to the target problem. However, reductions from CLIQUE
often require k gadgets that encode the vertices of a k-clique, as well as ©(k?) additional gadgets
to verify the edges between all pairs of encoded vertices. As each gadget typically increases the
parameter by O(1), an instance for CLIQUE is then transformed into an instance of the target
problem with a parameter value of ©(k?) (see, e.g., [26, Section 13.6.3]). This in turn means that
only n°VO_time algorithms can be ruled out under ETH for a target problem with parameter /.

Tighter lower bounds could be obtained if we could reduce from a similar subgraph problem,
but for k-vertex patterns H with only O(k) rather than ©(k?) edges. More specifically, for a
fixed graph H, let COLSUB(H) be the problem of detecting H-subgraph copies in graphs G
with vertex-colors from V(H) such that every v € V(H) is mapped into color v in G. (This
problem can equivalently be interpreted as a constraint satisfaction problem with variables x,
for v € V(H) and arity-2 relations R, for e € E(H). The domain of z, is the set of v-colored
vertices in G.) Known parameterized hardness results based on the problem CLIQUE can often
be modified to use COLSUB(H) as the reduction source. This is useful, because a seminal result
by Marx [59, Corollary 6.1] (very recently shown with a simpler proof [50, Theorem 1.3]) shows
that COLSUB(H) is indeed hard under ETH for graphs H of maximum degree 3, albeit not with
an entirely tight lower bound:

Theorem 1.1 ([50, 59|). Assuming ETH, there exists a fized constant o > 0 and an infinite
sequence of graphs Hy, Ho, . .. such that, for all k € N, the graph Hy has k vertices and mazximum
degree 3, and COLSUB(H) does not admit an O(n®*/1°8k)_time algorithm.

This theorem has become a standard tool to prove almost-tight lower bounds along the lines
of the above reduction scheme, and it has been applied to numerous parameterized problems
from a diverse range of areas |1, 5, 8, 9, 10, 11, 12, 14, 18, 19, 20, 21, 22, 23, 25, 27, 34, 35, 36,
39, 42, 45, 49, 52, 57, 60, 62, 64].

1.1 Main Concept: Linkage Capacity

In this paper, we provide a new perspective on the seminal Theorem 1.1, which allows us to
simplify its proof significantly (even its more recent version [50]) and derive several new results.
Our interpretation hinges upon a new graph parameter, the linkage capacity v(H) of a graph
H. Roughly speaking, this parameter measures how well vertices of H can be connected by
vertex-disjoint paths on specified endpoint pairs.

Known Lower Bound for the Clique Problem To explain our ideas, let us first sketch the
classical n*)-time lower bound for CLIQUE under ETH (see, e.g., [26, Theorem 14.21]) and then
describe our modifications. The original proof is as follows: It is known that, assuming E'TH,
the 3-COLORING problem cannot be solved in 2°(") time for n-vertex graphs G with maximum
degree 4. If G can be transformed into an equivalent instance X of CLIQUE with approximately
37/k vertices, then an n°®)-time algorithm for CLIQUE would imply a 2°("-time algorithm for
the 3-COLORING problem, contradicting ETH.



To transform G into X, the vertex set V(G) is divided equitably into blocks Vi,..., Vi. The
vertices of X correspond to the 3-colorings of these blocks, and two vertices in X are connected by
an edge if their colorings are compatible, meaning they come from different blocks and together
form a proper coloring. This way, the k-cliques K in this “compatiblity graph” X correspond
bijectively to valid 3-colorings of G: Indeed, the vertices of K provide a valid coloring for each
block, and the presence of edges between all u,v € V(K) in X ensures that the union of these
partial colorings is a valid coloring of the entire graph G.

From Cliques to General Subgraphs To show hardness of COLSUB(H ) with general k-vertex
patterns H, we adapt the lower bound for CLIQUE. First, consider the favorable scenario that
the vertices of an input graph G for 3-COLORING can be split equitably into blocks Vi, ..., Vg,
corresponding to the k vertices of H, such that the edges of G “respect” H: Every edge of G is
contained within one block or between blocks V; and V; with ij € E(H). In this scenario, not all
pairs of partial 3-colorings need to be checked for compatibility. Indeed, it suffices to check this
between blocks V; and V; with ij € E(H), since no other edges could lead to an incompatibility.
In general however, we cannot assume that an n-vertex graph G of maximum degree 4 can
be split equitably such that its edges respect H. To address this, we “re-route” the edges in G
along paths on new vertices (that are placed in the old blocks) and edges that do respect H.
While this eventually yields a graph G’ in which all edges indeed respect H, it may be possible
that most edges are routed on paths of length Q(k), thus increasing the block size from n/k back
to n. Even if routing via short paths is possible, it may be possible that a few blocks are hit
disproportionally often, leading to the same problem. Both issues would render a fast algorithm
for COLSUB(H) useless for the purpose of obtaining a (too) fast algorithm for 3-COLORING.

Linkage Capacity The crucial observation is that many patterns H enable a simultaneous
“batch-rerouting” of batches with Q(k) edges in G; adding all paths for any such a batch to
G increases each block size only by 1. Moreover, as also observed in [50, Theorem 4.2], it is
sufficient to consider batches that are matchings, since G has maximum degree 4 and thus admits
a 5-edge-coloring, i.e., a partition of its edges into 5 matchings.

The linkage capacity v(H) allows us to precisely quantify how well H supports batch-rerouting
of matchings by vertex-disjoint paths. To define it, first let the blowup H ® J; for t € N be H
with every vertex copied to t clones that form a clique; this is essentially the maximal graph
with block size t whose edges respect H. See also Figure 1. Second, call a set X in a graph H’
matching-linked if, for every matching M with vertex-set X, there exist disjoint u-v-paths in H’
realizing the edges uwv € M. Then the linkage capacity v(H) of a graph H is the largest ¢ > 0
such that H ® J; contains a matching-linked set X of size |ct]; this is finite, and we even have
v(H) <k,as | X| < |V(H® J)| = kt.

Following the reduction sketch from 3-COLORING given above, and using large matching-
linked sets in blowups H ® J; to accommodate the vertices of a 3-COLORING instance G, we
establish a conditional lower bound on the complexity of COLSUB(H ) based on v(H).

Theorem 1.2. Assuming ETH, there exist fixed constants o,y > 0 such that no fixed graph H
with v(H) > o admits an O(n®"H))-time algorithm for COLSUB(H).

It remains to determine when H has large linkage capacity. For example, if H itself admits a
large matching-linked set, then this translates to its blowups, thus establishing high v(H). This
is however only a sufficient criterion, even though most of our lower bounds are based on it. As
we investigate in Section 6, the linkage capacity is related to certain fractional multicommodity
flow problems whose relevance in the context of lower bounds for COLSUB(H) under ETH was
already identified before [50, 59|. Linkage capacity however is a much more elementary and more
applicable concept. In particular, the restriction to matchings allows us to connect it to known



results on routing with specified terminal pairs in order to obtain lower bounds on y(H). This in
turn allows us to prove new results under ETH without much technical effort.

1.2 Applications of Linkage Capacity

With Theorem 1.2 in hand, we show lower bounds on the complexity of the colorful H-subgraph
problem via the linkage capacity v(H). For this, we enlist the help of communication network
theory [54, 6], random graph theory [15], linear programming [37, 55|, and classical results on
connectivity via vertex-disjoint paths from graph theory [58, 66].

A Fully Self-Contained Proof of Theorem 1.1 Our first application of Theorem 1.2 is a
significantly simplified and self-contained! proof of the seminal Theorem 1.1. The original proof
of this theorem by Marx [59] uses highly nontrivial arguments regarding multicommodity flows as
a black box [37]. Even a very recent simplification [50] still requires the construction of expander
graphs and routing algorithms for such graphs, both of which are highly nontrivial |2, 55]|.

By approaching the problem through linkage capacity, we observe that expansion is not
required to obtain Theorem 1.1. Instead, we can rely on a very simple construction of telecommu-
nication networks, credited to a 1964 paper by Benes [6], then employed at Bell Labs: A Benes
network contains s = 2¢ input and output vertices, and k = O(slog s) vertices in total. For every
pairing of inputs to outputs, the network guarantees private data streams (i.e., vertex-disjoint
paths) connecting each input to its specified output. Both the network construction and routing
therein are elementary divide-and-conquer arguments that feature in undergraduate introduction
courses to discrete mathematics [54]. A minuscule augmentation of this construction gives
us k-vertex graphs of maximum degree 4 and linkage capacity Q(k/logk). Combined with
Theorem 1.2, this gives a novel proof of Theorem 1.1.

We recently found that graphs with large matching-linked sets have been used in communi-
cation and extension complexity: A paper by Go66s, Jain, and Watson [41, Section 3.3] briefly
mentions “bounded-degree butterfly graphs” from an unpublished manuscript on pebble games
by Nordstrom |61, Proposition 5.2] as an alternative to expanders; this alternative construction
turns out to be precisely that of Benes.

Tight Lower Bounds for Dense Graphs Alon and Marx [4, Theorem 1.4] argue that the
logarithmic slack in Theorem 1.1 cannot be overcome by current approaches—including ours.
This holds even for patterns H of constant average rather than maximum degree. More modestly,
one can ask for “just slightly” dense k-vertex patterns H such that COLSUB(H) requires nS2(k)
time under ETH.

Indeed, Alon and Marx [4, Theorem 1.5(2)] showed that, for every ¢ > 0, certain specifically
constructed patterns S with average degree O(k:(s) enjoy strong embeddability properties that
entail n®¥*)_time lower bounds on the colorful S-subgraph problem [4, Theorem 1.8]. For some
problems of interest however, e.g., for counting induced k-vertex patterns [24, 32, 64|, one can
only reduce from the colorful H-subgraph problem for some (say, adversarially chosen) dense
pattern H, which may not necessarily be a graph S constructed by Alon and Marx. This imposes
a bottleneck towards tight lower bounds for such problems.

One partial remedy lies in using large clique minors (see, e.g., [64]). Kostochka [53] showed
that every graph H of average degree d contains a K ,-minor with ¢ = Q(d/+/logd). Given a
K,-minor in H, a straightforward reduction yields an nf2@_time lower bound on the colorful
H-subgraph problem under ETH. This implies that every pattern H of linear average degree Q(k)

We give a self-contained proof starting from the known result that, under ETH, the 3-COLORING problem
requires 2™ time on 4-regular graphs with n vertices. This can be shown easily from ETH together with the
sparsification lemma.



requires an exponent of Q(k/+v/logk) for the colorful H-subgraph problem. While this improves
upon the lower bound from Theorem 1.1, a slack of ©(v/log k) remains.

Using linkage capacity, we eliminate this slack and obtain a tight lower bound for dense
patterns: Combining two textbook results [30], we show that every pattern H of average degree
d has linkage capacity €(d).> Theorem 1.2 then immediately yields:

Theorem 1.3. There is a constant o > 0 such that, for every graph H with average degree d,
the existence of an O(n®?) time algorithm for COLSUB(H) would refute ETH.

This theorem covers the “worst case”, i.e., patterns H of fixed average degree d that are
adversarially chosen so as to minimize y(H). In particular, for linear average degree, an nS2(k)
bound under ETH follows. This implies new tight lower bounds for very general classes of induced
pattern counting problems |24, 64| (see Section 7 for details).

In the “average case”, much lower density turns out to be sufficient for an nf2%) bound. Indeed,
known results on routing in random graphs |15] imply directly that almost all k-vertex graphs H
with average degree d € Q(k%) for constant 3 > 0 have linkage capacity ©(k). Observe that the
average degree is that of the specifically constructed patterns S by Alon and Marx [4]; we show
that not only specific patterns, but almost all patterns of polynomial average degree have an
n**) bound for CoLSUB(H).

More generally, we show that the linkage capacity of the Erdgs-Rényi random graph G(k, p)
for non-degenerate probabilities p is Q(k/p), where p = log(k)/log(kp) is the typical distance
between vertices in G(k,p) [7, 51]. We obtain the following general lower bound:

Theorem 1.4. There is a constant o > 0 such that for every constant € > 0 and every
p > (1 +¢€)logk/k, the following holds: With high probability, an Erdds-Rényi random graph
H ~ G(k,p) is such that an O(n®"*/P) time algorithm for COLSUB(H) would refute ETH. Here,
we write p = log(k)/log(kp) for the typical distance in G(k,p).

Note that p is the logarithm of k in the base of the average degree kp; this captures the
time needed to concurrently explore all k vertices in a process that branches into kp random
vertices from each vertex. It is intuitively clear that the linkage capacity should be at most
O(k/p): Almost all vertex pairs u,v in a random graph require u-v-paths of length p, so we
cannot connect more than k/p vertex pairs without exhausting k vertices. The bound from [15]
shows that, with high probability, Q(k/p) vertex pairs can be connected.

Linkage Capacity and Treewidth Besides studying the interplay between the linkage
capacity v(H) and |V (H)|, we also consider its connection to the treewidth tw(H) of a graph H.
For example, it is easily shown that the ¢-by-¢ grid B, has treewidth ¢ and linkage capacity (),
see Lemma 3.9 and Figure 1. Thus, we have the linear relationship «(8B) € Q(tw(H)) for every
grid H. Standard bidimensionality arguments [29] imply such a linear relationship for every class
of graphs H excluding a fixed minor, thus yielding tight lower bounds under ETH parameterized
by the treewidth tw(H) rather than |V (H)|. However, we stress that, since patterns H € H
excluding a fixed minor satisfy |V (H)| € Q(tw(H)?), such patterns are not amenable for results
similar to Theorem 1.1.

In Section 6, we drop the assumption of excluding a fixed minor and establish the bound
of y(H) = Q(t/logt) for general graphs H of treewidth ¢. This recovers a general lower bound
by Marx [59] with a more transparent proof—albeit the same approximate min-cut/max-flow
theorem for multicommodity flows [37, 55| still appears as black box.

2This lower bound is asymptotically tight, as worst-case examples like Kg4,s—q have linkage capacity at most d.
Indeed, a linkage with d 4+ 1 paths in K4 s—q would in particular imply a matching with d + 1 edges, which clearly
does not exist in Kg,5—q.



2 Preliminaries

We write N = {1,2,3,...} for the natural numbers. For n € N, we write [n] := {1,2,...,n}. All
logarithms are natural unless specified otherwise.

2.1 Basic Definitions

We use standard graph notation [30]. Graphs are finite and undirected, and we write uv for edges
between u and v. A path from u to v is a sequence P = (u = wp, w1, ..., wy; = v) of distinct
vertices such that consecutive vertices are adjacent. Slightly abusing notation, we also interpret
P as a path from v to u. For a graph G and X C V(G), we write G[X] for the subgraph induced
by X and G — X := G[V(G) \ X] for the result of deleting X from G.

A colored graph is a triple G = (V, E, c) where ¢: V(G) — C is a not necessarily proper
(vertex-)coloring of the vertices. We say G is canonically colored if ¢ is the identity mapping and
we write G<°" for the canonically colored version of G.

Given a “pattern” graph H and “host” graph G, we write #Sub(H — G) for the number of
subgraphs of G that are isomorphic to H. If H and G are colored, only subgraphs preserving the
coloring are counted. For a fixed graph H, the problem #COLSUB(H) takes as input a colored
graph G = (V, E, ¢) with ¢: V(G) — V(H), and asks to compute #Sub(H" — @), while its
decision version COLSUB(H) asks whether #Sub(H®" — G) > 1.

To analyze the complexity of COLSUB(H ), we rely on several tools.

Definition 2.1 (Blowup). Given a graph H and an integer t > 1, the blowup graph H ® J;
contains the vertices v(®) for all v € V(H) and i € [t], and edges

{u®oD) | wo € E(H), i,j € [t]} U {uDuD |ue V(H), i#je ]}

Remark 2.2. Marx [59] uses the notation H® instead of H @ J;. We choose H ® J; since there
is no exponential increase in size, but we are rather taking a tensor product of H and the (¢ x t)
all-ones matrix (usually denoted by J;) and then turn cloned vertices into cliques.

A multigraph M is a graph that allows parallel edges with the same endpoints, but no
self-loops. The degree degj,(v) of a vertex v € V(M) is the number of edges incident to v, taking
multiplicities into account. The average degree of M is d(M) = 2|E(M)|/|V (M)].

A matching in M is set M’ C E(M) of pairwise vertex-disjoint edges. Slightly abusing
notation, we regularly interpret M’ again as a graph with edge set M’ and vertices for all
endpoints in M’. Given a vertex set X, a matching on X is a matching whose endpoints are all
contained in X. In particular, given a multigraph M, a matching on some vertex set X C V(M)
need not be a matching in M.

A g-edge coloring of M is a partition of E(M) into ¢ matchings. The edge-chromatic number
of M, denoted by x/(M), is the minimum number ¢ such that M admits a g-edge coloring. A
theorem by Shannon [65] provides an upper bound on the edge-chromatic number in terms of
the maximum degree, though a looser bound with factor 2 can be achieved by a straightforward
greedy algorithm.

Theorem 2.3 ([65]). Every multigraph M of mazimum degree d has x'(M) < |3d].

2.2 Linkages
Our hardness proofs for COLSUB(H) crucially rely on linkages in graphs.

Definition 2.4 (Linkage and congestion). Given a graph H and a multigraph M with vertex
set X C V(H), an M-linkage in H is a collection of paths @ = (Pu)uwer(ar) such that P, has
endpoints u and v. For r € N, we say that @Q is r-congested if, for all w € V(H), at most r paths
Py, € @ contain w. If r =1, we call @ an uncongested M-linkage.
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Figure 1: (a) The grid graph Hg. Thick paths depict a 2-congested M-linkage, where M =
{v1v4, 205, 306} is a matching on the diagonal vertices. (b) The blowup graph Hg ® J2, and an
uncongested M-linkage obtained from the 2-congested M-linkage in Hg.

Observe that, if @) is an uncongested M-linkage, then M is necessarily a matching. We
note that we commonly work with uncongested M-linkages. More precisely, we usually require
uncongested M-linkages in blowups of graphs H. Towards this end, it is often convenient to
“project” M back to the base graph H. Let H be a graph and let M be a multigraph with
V(M) CV(H® J;). We define the H-projection of M to be the multigraph (M) with vertex
set V(m(M)) = {v|v® € V(M)} and edge set E(r(M)) = {vw | v®Dw) € E(M),v # w}}.

Lemma 2.5. Let H be a graph and let ¢ € N. Also let M be a matching with V(M) C V(H @ Jy).
If there is a g-congested w(M)-linkage in H, then there is an uncongested M -linkage in H © Ja,.

Note that a blowup of order 2¢ rather than ¢ is needed in Lemma 2.5. This is needed since
we do not allow self-loops in the projection, i.e., the projection of M ignores edges contained in
the same block {v(¥) | i € [g]}. For technical reasons, we decide to handle those edges separately
at the cost of losing a factor of two.

Proof. Let @ be a g-congested w(M)-linkage in H. We obtain an uncongested M-linkage Q’
in H ® Jyq as follows. For a vertex w € V(H), let Py,..., P, (if any exists) be all paths in Q
that contain w as an internal vertex. We have ¢t < ¢ by definition. We replace w in P; with
the vertex w(@t?) from the blowup graph H ® Ja,. Also, all endpoints of the paths are replaced
in the natural way, i.e., if P has endpoints v and v, and uv is the “projection” of uDypl) in
M, then P gets endpoints u(® and vU). Finally, for each edge v(Wo() e E(M), we add the
path (v(i), v(j)) to Q. By the definition of the blowup graph, the resulting collection Q' is an
uncongested M-linkage in H ® Jog. O

The following example illustrates the notion of linkages and the interplay between congestion
and blowups; see Figure 1.

Example 2.6 (Grid graph). Write By for the grid graph on vertex set [¢] x [¢]. For every
matching M on the set of diagonal vertices v; = (7,1) for i € [¢], we observe that H, contains a
2-congested M-linkage Q(M) = {Pyy }uven- This 2-congested linkage induces an uncongested
M-linkage in H; ® Jo via Lemma 2.5. See also Figure 1.

More specifically, given an edge from u = (a,a) to v = (b,b) for a < b, we define P,, as
the concatenation of the path P, on vertices u = (a,a), ..., (b,a) and the path PJ, on vertices
(b,a),...,(b,b) =v. The paths P, for uv € M are vertex-disjoint (as distict paths have distinct
y-coordinates), and so are the paths P}, for uv € M (having distinct z-coordinates), so Q(M) is
indeed a 2-congested M-linkage.



3 Lower Bounds from Linkage Capacity

The Exponential-Time Hypothesis ETH [43| postulates the existence of a constant o > 0 such
that no O(2%") time algorithm can decide, on input a 3-CNF formulas ¢ with n variables,
whether ¢ admits a satisfying assignment. Its a priori weaker counting version #ETH postulates
the same lower bound for counting the satisfying assignments of ¢ [28]. For both hypotheses,
the sparsification lemma [44, 28] rules out such algorithms even under the additional condition
that every variable in ¢ appears in at most C' clauses, for some constant C' € N. By a standard
reduction, lower bounds follow for the problem 3-COLORING of deciding whether an input graph
G admits a proper vertex-coloring with 3 colors where no adjacent vertices receive the same
color; see for example [56, Theorem 3.2].

Theorem 3.1. Assuming ETH, there is a constant 5 > 0 such that 3-COLORING cannot be
solved in time O(2°™) for n-vertex input graphs G of mazimum degree 4. The same holds for
#3-COLORING under the counting variant of ETH.

This theorem is the foundation for the lower bounds shown in this paper.

3.1 Instances That Fit into Blowups

It will prove useful for us to generalize 3-COLORING slightly, by allowing edges to either enforce
equality or disequality of their endpoint colors. Since “equality edges” can be contracted without
changing the number of valid assignments, we obtain an immediate way to simulate edges in a
3-COLORING instance by paths.

Definition 3.2. Given a graph G' = (V, F) with a partition £ = E_U E, a proper 3-assignment
is a function a : V' — [3] such that a(u) = a(v) for all wv € E_, while a(u) # a(v) for all uv € E.
The problem 3-ASSIGNMENT asks to determine the existence of a proper assignment on input
(G, E—, E), while #3-ASSIGNMENT asks to count them.

It is possible to convert instances G for 3-ASSIGNMENT into instances X for COLSUB(H).
Moreover, if G fits into a moderately small blowup of H, then X is only of moderately exponential
size. This can be shown by a simple “split-and-list” reduction that follows the sketch given in the
introduction for CLIQUE.

Lemma 3.3. Let H be a fized k-vertex graph with canonical vertex-coloring. Given a subgraph
G of H® J; fort € N, a colored graph X on k-3t vertices can be computed in 9° - poly(k,t) time
such that #Sub(H — X) equals the number of proper 3-assignments in G.

Proof of Lemma 3.3. Suppose V(H) = [k] and consider the partition of V(G) into V,, =
{w®, ... w®} for w € [k]. Define X,, for w € [k] as the set of all proper 3-assignments
to G[Vy]. For w,w’ € [k], we call two 3-assignments a € X, and a’ € X, compatible if their
union is a proper 3-assignment of G[V,, U V,s]. Let us define

Ax ={(a1,...,a;) € X1 x ... x Xy | Vww' € E(H) : a,, and a,, are compatible}
Ag ={a: V(G) — [3] | a is proper 3-assignment of G}

We observe that the map a — (a1, ...,a) from Ag to Ax, where a,, is the restriction of a
to Vi, is a bijection. Indeed, in the image of a € Ag under this map, a,, and a,, are compatible
for all w,w’ € E(H). Conversely, given (ai,...,a;) € Ax, recall that every edge uv € E(G)
satisfies u € V,, and v € V, for some w,w’ € [k] with (a) w = w’, or (b) ww’ € E(H). In case
(a), since a,, is proper, the endpoints of uv receive a proper assignment under a. In case (b),
because the union of a,, and a,s is a proper 3-assignment of G[V,, U V.|, the endpoints of uv
receive a proper assignment under a. Thus a € Ag.



Finally, the graph X is defined on vertices Uwe[k} X, where each vertex in X, is colored by
w € [k]. An edge is present between a € X, and b € X, if and only if ww’ € F(H) and a and b
are compatible. The (colored) subgraphs S of X isomorphic to H correspond to tuples in Ay.
Indeed, V'(S) corresponds to a tuple (ay,...,a;) € X1 X ... x X}, and the presence of edges of
H in S implies that a,, and a,s are compatible for ww’ € F(H). Since | X,,| < 3! for all w € [k],
the graph X can be computed by brute-force in 9¢ - poly(k, t) time. O

3.2 The Linkage Capacity of a Graph

First, we need to define a term for vertex sets X in graphs that can be paired up arbitrarily via
paths in H. This resembles Diestel’s [30] notion of linkedness, see Section 5.1, which however
requires this property for the entire graph H.

Definition 3.4 (Matching-linked set). Given a graph H, we say that X C V(H) is matching-
linked if H contains an uncongested M-linkage for every matching M on vertex set X.

Remark 3.5. We stress that the condition in the definition is crucially required even if M is not
contained in E(H): Only the endpoints of M need to be contained in V(H).

A simple edge-coloring argument, also used in Lemma 3.11, shows that large matching-linked
sets X in blowups H ® J; suffice to embed graphs G of maximum degree A into H ® Joa.¢. Thus,
large matching-linked sets X in blowups of H are a useful “resource” attainable from H that
allows us to use Lemma 3.3. Not all such sets X however need to originate from matching-linked
sets in H itself. Consider a set X in H that just fails to be matching-linked, as in Example 2.6,
in the sense that X still admits M-linkages of congestion 2 in H. Such M-linkages then induce
uncongested M-linkages in H ® J2. As our goal is to embed a 3-COLORING instance G into a
moderately large blowup of H, such a constant-factor loss would be acceptable. This flexibility
is captured by the linkage capacity, which measures the maximum size of matching-linked sets in
blowups of H relative to the blowup order.

Definition 3.6 (Linkage capacity). The linkage capacity ~(H) is the supremum over ¢ > 0 such
that H ® J; contains a matching-linked set X with |X| = [ct] for all large enough ¢ € N.

Every graph H trivially satisfies 1 < y(H) < |V(H)|. We show below that large matching-
linked sets in H lift into blowups, establishing high linkage capacity v(H )—but as mentioned
above, even a matching-linked set in a small blowup of H suffices.

Lemma 3.7. Let H be a graph and suppose H ® J, for ¢ € N contains a matching-linked set X .
Then v(H) > 1 - |X]/q.

Proof. The proof rests on the following claim.

Claim 3.8. Let H' be a graph and suppose X' C V(H') is a matching-linked set. Then
X! = {v |ve X', 1<i<t/3} is matching-linked in H' ® J; for every t € N.

Proof. Let M be a matching on X/ and let M’ := w(M) be the H'-projection of M. Observe that
M’ has maximum degree at most /3, so x’'(M') < /2 by Theorem 2.3. Hence, the multigraph
M can be partitioned into r < ¢/2 matchings My, ... M, on X'. Since X' is a matching-linked
set, for every M;, there is an uncongested M;-linkage Q; in H'. So Q = Uz’e[r] Q); is a r-congested
M'-linkage in H’, and there is an uncongested M-linkage in H' ® J; by Lemma 2.5. J

Let ¢ < - |X|/q. Then there is to € N and ¢ < % - |X| such that
d-lt/g) =z c-t (1)
for all t > ty. Also, there is some £y € N such that

X[ - 1€/3] = | 1] (2)



for all £ > £y. Now let t > max(tg,fy - q) and let ¢ = [t/q] > ¢y and consider the graph
H':= H ® J,;. By Claim 3.8 the graph H' ® J; contains a matching-linked set X with

XU > 1X] - 1e3) 2 1) D Let).

—~
~
—~
~

Since (H ® J4) ® Jy is a subgraph of H ® J;, we conclude that H ® J; contains a matching-linked
set of size |ct], thus proving the lemma. O

As a concrete example, let us use Example 2.6 to bound the linkage capacity of grids.
Lemma 3.9. For the £-by-{ grid graph By, we have ~y(8y) > (¢ —1)/6.

Proof. Let V(B,) = [¢]?> and ¢’ € {¢ — 1,¢} be even. By Example 2.6, the set X := {(i,4)!) | i €
[¢']} is matching-linked in the blowup Hy ® J;. The lemma follows by invoking Lemma 3.7. ]

3.3 Fitting Instances into Blowups via Linkage Capacity

Having introduced linkage capacity and its key properties, we now use it to embed graphs G
into blowups H ® J; with t = O(n/v(H)). If we can show that (H) is large, then ETH implies
strong lower bounds for COLSUB(H) via Theorem 3.1 and Lemma 3.3.

A minor constructivity issue arises: Some techniques for lower-bounding v(H) do not
necessarily yield efficient algorithms for finding linkages in blowups of H. Thus, it could a
priori be possible for G to embed into H ® J;, yet we cannot efficiently find an embedding.
This concern is resolved by known algorithms for graphs of bounded neighborhood diversity [40,
Theorem 3.7|, or through a self-contained argument given in Appendix A:

Theorem 3.10. Let f(k) = 3k*2. Given a k-vertex graph H and t > 2 as input, a matching-
linked set X of maximum size in H ® J; can be found in O(tf(k)) time. Given additionally a
matching-linked set X in H ® J; and a matching M with vertex set X, an M -linkage in H ® J;
can be found in O(tF®)) time.

We can now turn to our main lemma. In the following, given graphs G and G’ without
loops or multi-edges, a G-linkage Q = (Pyuy)uver(q) in G’ is a topological G-minor model in G’
if paths Py, and P, for uv,u'v" € E(G) in @ intersect only at endpoints. In particular, such
intersections can occur only if uv and u/v’ share a common vertex. We refer to the subgraph of
G’ induced by Q as the image of Q.

Lemma 3.11. Let H be a fived k-vertex graph and let f(k) = 3kF+2. Then there is an O(nf*))
time algorithm that, given an instance G for 3-COLORING with n vertices and mazimum degree
4, outputs an instance for 3-ASSIGNMENT with graph G’ such that

1. G’ is the image of a topological G-minor in H ® Jy for t = 8[n/~v(H)]|, and
2. the proper 3-colorings of G correspond bijectively to the proper 3-assignments of G'.

Proof. Let t' = [n/~(H) -8/7]. Definition 3.6 implies that, if ¢’ is large enough then H ® Jy
contains a matching-linked set X of size n.? In O(n/(*)) time, Theorem 3.10 finds such a set X.
Fix V(G) = X in the following.

The straightforward greedy algorithm yields a 7-edge-coloring E(G) = M; U ...U My in
time O(n). As X is matching-linked, the graph H ® Jy contains an uncongested M;-linkage
Q; for every individual i € [7]. Each linkage can be found O(n/*)) time via Theorem 3.10.
These linkages together induce a topological G-minor model in H ® J7p (see Figure 2): Consider
V(H ® Jy) to be partitioned into 7 layers such that layer i € [7] contains the vertices v\) with

31If ¢/ is not large enough, then n is bounded by a function of H. We can then compute the number g of
3-colorings of G in constant time and output a dummy instance G’ with ¢ proper 3-assignments.
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Figure 2: (a) A graph G that fails to be embedded into Hs due to the colored edges, which
are partitioned into three matchings. (b) An embedding of G into the blowup H3 ® J3 as a
topological minor, where each colored edge gets routed via new vertices from the blowup.

veV(H) and j € (t' —1)i + [t']. By placing non-endpoint vertices from the linkages Q1, ..., Q7
into different layers and keeping all endpoints in the first layer, we obtain a topological G-minor
model Q in H ® J7y. Let us write G’ for the image of Q.

We finalize the construction of the 3-ASSIGNMENT instance by specifying a partition of E(G")
into E— and E: For each path P, in @, place one arbitrary edge into E. and all other edges
into F—. Then the proper 3-assignments to G’ correspond to the proper 3-colorings of G, since
contracting all equality edges in G’ (which does not change the number of 3-assignments) yields
an isomorphic copy of G on disequality edges. O

Combining the above, the proof of Theorem 1.2 is complete.

Proof of Theorem 1.2. By Theorem 3.1, ETH implies a constant $ > 0 such that no O(2%")-time
algorithm solves 3-COLORING on n-vertex graphs G of maximum degree 4. We set 79 = 26/
and a = /10 and derive a contradiction from an O(s“7)-time algorithm for COLSUB(H ) on
s-vertex input graphs, where H is any fixed graph with v = ~v(H) > 7o.

In the following, let G be an instance for 3-COLORING of maximum degree 4. In time
O(n' (k)), Lemma 3.11 computes from G an equivalent instance for 3-ASSIGNMENT with a graph
G' C H® J; for t = 8[n/v]. In time 9 - poly(k,t), Lemma 3.3 then yields a graph X with
|V(X)| < k - 3" such that 3-assignments in G’ correspond to colorful H-copies in X. The overall
running time to construct X is

In the last step, we use v > 79 = 26/6. Then use the assumed O(s%/197)-time algorithm for
COLSUB(H) on s-vertex input graphs. Its running time on the graph X constructed before, with
s < k - 3 vertices, is

O((k-3)"""7) = o@M19107) = 0(3*") = 0@™"). (1)

Combining Equation (3) and Equation (4), we conclude that both constructing X and solving
CoLSUB(H) on X can be achieved in overall time O(2°™). This contradicts Theorem 3.1, also
for the counting version. O

4 Switching Networks

In this section, we consider a construction by Benes [6] that yields k-vertex graphs with degree
4 and a linkage capacity of Q(k/logk). In particular, this allows us to complete the fully
self-contained proof of Theorem 1.1.

11
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Figure 3: (a) Recursive construction of Benes network Bs with 8 inputs and 8 outputs from two
copies of By. (b) The augmented Benes network Bs is obtained by adding a matching to the
outputs of Bs, shown as curved edges. Thick paths indicate an M-linkage in Bs for the matching
M ={ , U2Us, U4V5, U5Us} on the input vertices.

The Benes network By for ¢ € N has 2¢ distinguished input and output vertices. In our terms,
for every matching M between the inputs and outputs, the network By admits an uncongested
M-linkage. By “short-circuiting” the outputs, we obtain an augmented Benes network By, which
allows routing paths from inputs back to inputs. In our terms, the inputs form a matching-linked
set, since every matching M on the inputs admits an uncongested M-linkage in By.

Algorithm 1 Construct plain Bene§ networks

procedure BENES(¢) returns By with s = 2¢ in- /outputs
if £ =1 then return K3 with in-/outputs v;, w; for i € [2]
else
B + BENES({ — 1) with in-/outputs v}, w] for i € [s/2]
BY¥ « BENES({ — 1) with in-/outputs v}, w; for i € [s/2]
B «+ vertex-disjoint union of B" and B*
for i € [s/2] do add to B

all four edges between {v;,v;;/2} and {v], vy},

all four edges between {w;, w;4/o} and {w], wy}
return B with in-/outputs v;, w; for i € [s]

Definition 4.1 (Benes networks). The plain Benes network By for ¢ € N is the graph with
distinguished inputs v; and outputs w;, for i € [s] with s = 2¢ returned by BENES(/) in
Algorithm 1. The augmented Benes network By is obtained from By by adding an edge between
outputs wy;—1 and wy;, for each i € [s/2].

Both B, and By clearly have maximum degree 4. Let T'(s) for s = 2¢ count the vertices in
the s-input Benes network By or By. By construction, we have T(s) = 2 - T(s/2) + 2s, and thus
T'(s) = 2slogy s. Benes networks are designed to admit uncongested linkages between the inputs
and outputs [6]:

Theorem 4.2. For { € N, the set V of inputs in By is matching-linked, with |V| = s = 2¢.
Moreover, given as input £ € N and a matching M on V', an uncongested M -linkage in By can be
computed in O(slogs) time.

12



A proof is given in Appendix B for completeness. With Lemma 3.7, we obtain:
Corollary 4.3. For s = 2°, we have v(By) > s/3.

By combining Theorem 1.2 and Corollary 4.3, we can give an elementary proof of Theorem 1.1
(in a slightly modified form; see Remark 4.5).

Theorem 4.4. Assuming ETH, there exists a fived constant o > 0 and an infinite sequence of
graphs Hy, Ha, ... such that, for all k € N, the graph Hy, has k vertices and mazximum degree 4,
and COLSUB(Hy) does not admit an O(n®*/1°8%) time algorithm.

Proof. For every k € N, pick £ € N maximal such that [V (By)| < k. Let Hj, be obtained from B,
by adding isolated vertices until the number of vertices is k. Since |V (By)| = 2/+1¢, we conclude
that 2710 < k < 22(¢ 4 1) which implies that k/logy k < 22, So

- 1
Y(Hg) > 7(Bg) > 2°/3 > 13 " k/logs k
by Corollary 4.3. Now the theorem follows from Theorem 1.2. O

Remark 4.5. Observe that Theorem 1.1 provides a sequence of graphs of maximum degree 3
whereas Theorem 4.4 “only” guarantees maximum degree 4. However, the augmented Benes
networks By can easily be modified to have maximum degree 3 by replacing each vertex with an
edge, so > becomes >, and all other relevant properties remain the same.

For readers familiar with expander graphs, let us also remark that the Bene§ network By
with s = 2¢ does not have constant expansion, as witnessed by its “upper half” U that contains
the vertices of B} ; and all inputs and outputs with indices i € [s/2]: We have |U| = slogy s,
but the 2s neighbors of U are all contained in the first two and last two columns of By. This also
holds for the augmented By.

Universality of augmented Benes networks

As an independent point of interest, let us remark that blowups of Bene§ networks are universal
for bounded-degree graphs with respect to topological minor containment: Mimicking the proof
of Lemma 3.11, every n-vertex graph of maximum degree A can be found as a topological minor
in the 2A-blowup of an augmented Bene§ network with n inputs.

For comparison, every graph that contains every n-vertex graph of maximum degree A
as a subgraph must necessarily have Q(n?>~2/2) edges [3]. Under the more relaxed notion of
universality via topological minor containment, Bene§ networks show that universal graphs with
only O(A? - nlogn) vertices and edges are achievable.

Theorem 4.6. For every n,¢ € N, every graph G of mazimum degree A and n < 2¢ vertices
18 a topological minor of By ® Joa_1. Moreover, on input G, a topological G-minor model in
By ® Joa_1 can be computed in polynomial time.

Proof. By Theorem 4.2, the inputs in B, form a matching-linked set X of size s = 2¢ > n. View
V(G) C X and decompose E(G) into 2A — 1 matchings via the greedy edge-coloring algorithm.
For each matching M, use Theorem 4.2 to find an M-linkage Q in By and place the internal
vertices of @ in a private layer of By ® Joa, as in the proof of Lemma 3.11. The union of the
linkages constructed this way is a topological G-minor model in By ® Joa. O

5 Patterns of Superlinear Density

We turn our attention to dense patterns, i.e., k-vertex patterns H of average degree d(H) € w(1).
Unlike the sparse setting discussed earlier, a linkage capacity of ©(k) is achievable in the dense
case, which implies tight lower bounds for COLSUB(H ) under ETH.
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5.1 Worst Case

We show that, for every graph H, the average degree d(H) = 2|E(H)|/|V (H)| is a lower bound on
the linkage capacity of H, up to a constant factor. First, we use Mader’s Theorem [58, Corollary
1] to extract a highly connected subgraph from H. A graph H is ¢-connected if |V (H)| > ¢ and
H — X is connected for every set X C V(H) with | X| < ¢.

Theorem 5.1 (see [30, Theorem 1.4.3]). Every graph H with d(H) > 44 contains a (¢ + 1)-
connected subgraph H' with d(H") > d(H) — 2¢.

Second, within the scope of this subsection only, we say that a graph H is ¢-globally linked
if |V(H)| > 2¢ and each set X C V(H) of size at most 2¢ is matching-linked in H. (In graph
theory, this notion is usually just called ¢-linked—see, e.g., [30]. In our paper, we refer to it as
(-globally linked to distinguish it from our previous definitions of linkedness.) This definition
implies in particular that H contains a matching-linked set X with |X| > 2¢. Thomas and
Wollan [66, Corollary 1.2] show that high connectivity implies high global linkedness.

Theorem 5.2 (see [30, Theorem 3.5.3|). Let H be a graph and ¢ € N. If H is 2¢-connected and
d(H) > 164, then H is {-globally linked.

Together, these two theorems imply a lower bound on the linkage capacity that is linear in
the average degree.

Lemma 5.3. For every graph H, we have v(H) > d(H)/48.

Proof. Theorem 5.1 yields a [d(H)/4]-connected subgraph H' of H with d(H') > d(H)/2.
Theorem 5.2 shows that H' is [d(H)/32]-globally linked and thus contains a matching-linked set
X of size at least d(H)/16. Then Lemma 3.7 shows that v(H) > vy(H') > d(H)/48, where the
first inequality uses that H’ is subgraph of H. O

Now, Theorem 1.3 follows from Theorem 1.2 and Lemma 5.3.

5.2 Average Case

To show the hardness in the average case, we consider the linkage capacity of the Erdds-Rényi
random graph. Let G(k,p) denote the distribution over k-vertex graphs where each edge is
included independently with probability p. We need the following theorem adapted from [15],
where “with high probability” refers to a probability tending to 1 for k — co.

Theorem 5.4. Let € > 0 be a constant. For all p > (1 + €)log(k)/k the following holds: With
high probability, for a random graph H ~ G(k,p), every matching M on V(H) can be partitioned
into r = O(log k/ log kp) matchings My, ..., M, such that H contains an uncongested M;-linkage
for all i € [r].

The original theorem statement and proof in [15, Corollary 1.1] are concerned with the fixed-
sized random graph model G(k,m), and only deals with even k. But on the other hand, they
give a stronger statement concerning the algorithmic efficiency of finding the desired partition,
that it can be obtained with high probability by a random partition. In Appendix C, we give a
proof of the version stated here.

The last theorem can be used to find large matching-linked sets inside a proper blowup of a
random graph, which implies a high linkage capacity by Lemma 3.7.

Lemma 5.5. Let € > 0 be a constant. For all p > (1 4 ¢)log(k)/k, the linkage capacity of
H ~ G(k,p) is at least Q(klﬁ)gg(],:p)) with high probability.
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Proof. Let r be the bound specified in Theorem 5.4 and consider the blowup graph H ® J,11. Let
X = {v) | v € V(H)}. We show that X is matching-linked in H ® Jo, with high probability,
and the lemma then follows using Lemma 3.7.

Let M’ be a matching on X. By the definition of X, its H-projection, M := w(M’), is also a
matching on V(H). We invoke Theorem 5.4 on the graph H with respect to the matching M to
obtain a partition My, ..., M,, such that, for all i € [r] there is an uncongested M;-linkage @; in
H. Then QQ = Uie[r] Q; is an r-congested M-linkage in H. So there is an uncongested M’-linkage
in H ® Jo, by Lemma 2.5. O]

Now, Theorem 1.4 follows from Theorem 1.2 and Lemma 5.5.

6 Large-Treewidth Patterns and Concurrent Flows

In this section, we relate the linkage capacity of a graph to its treewidth. Towards this end, we
first connect the linkage capacity to certain (fractional) multicommodity flows, and afterward
rely on existing connections between such flows and treewidth [59, Section 3.1].

More specifically, given a graph H and W C V(H), we consider the following multicommodity
flow problem. For every pair (u,v) € W2, there is a distinct commodity ws that can be sent in
arbitrary fractional amounts along different paths from u to v in H. The goal is to determine
whether all pairs (u,v) can concurrently send an € amount of wv to each other, while the total
flow through every vertex w € V(H) is at most some globally fixed capacity C. Formally, this is
captured by the following LP:

Definition 6.1. Let H be a graph. For u,v € V(H), write Pg(uv) for the set of paths from u to
v in H; the set Py (uv) for u = v contains only the path (u). Given W C V(H), the concurrent
flow LP (for H and W) with vertex capacity C' > 0 asks to

maximize &

subject to Z Tp>e VYu,veW
pEPr (uv)

> Y z,<C YweV(G)

u,v€EW pePpy (uv): wep
zp >0 Yu,v e W,pe Py(uv).

We write e(H, W) to denote the optimal LP value for capacity C' = 1.

While an optimal solution for C' = 1 may assign fractional values to the variables x,,, every
solution can be scaled to an integral solution, increasing the required capacity and the optimal
LP value by the same factor. This integral solution then induces a congested model of the
multigraph Ky, in H, where t := |W| and ¢ € N is suitably chosen, and K}, has t vertices and
contains each possible (undirected) edge with multiplicity q.

Lemma 6.2. Let H be a graph and W C V(H) be a set of size t. Then there is some D € N
such that ¢ .= D - e(H,W) is an integer and H contains a D-congested K, 4-linkage, where we
set V(Kyq) =W.

Proof. Let D be the common denominator of the values for all z,, in a (rational) optimal solution
of the concurrent flow LP for H and W with capacity C' = 1. Scaling all values by D yields
an integral solution of value ¢ :== D - ¢(H, W) for the LP with capacity D. Now, consider the
multiset @ which, for every distinct u,v € W, contains every path p € Py (uv) with multiplicity
xp. Then @ is a D-congested K 4-linkage where V(K ,) = W. O
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Using this congested K; ,-linkage, we will establish lower bounds on the linkage capacity of
H. The following lemma will be useful, as it allows us to route arbitrary multigraphs of bounded
degree via short paths in this Ky 4.

Lemma 6.3. Let ¢ € N and let M be a multigraph with V(M) = [t| and mazimum degree at
most qt. Then there is an M -linkage Q = (Puv)uveE(M) in Ky such that every edge e € E(Ky)
appears in at most 18q paths in Q.

Proof. If t < 12 the statement trivially holds by choosing P, = (u,v) for every uv € E(M). So
in the remainder of the proof, we assume that ¢t > 12.

First observe that |E(M)| < qt?/2 since deg,,;(v) < gt for all v € V(M). For every
e =uv € E(M) we set P, = (u,z.,v) for some suitable middle vertex z. € V(K;) \ {u,v}.
We construct the paths one by one in a greedy fashion. Suppose P is the collection of paths
constructed so far. We ensure that

(a) every edge of K; appears in at most 18¢ paths in P, and

(b) every vertex is the middle vertex on at most gt paths in P.

Now consider an edge e = uv € E(M) that is not yet covered by P. We argue that there is some
x € V(K) \ {u,v} such that P U {(u,z,v)} still satisfies Conditions (a) and (b).

Since |E(M)| < qt*/2, there are at most ¢/2 vertices that are the middle vertex of exactly gt
paths in P (i.e., they cannot be selected as a middle vertex). Also, the total number of edges
incident to u used in P is at most 3¢t since deg,,(u) < ¢t and u is the middle vertex of at most
gt paths. So there are most ¢/6 vertices z € V(G) \ {u} such that the edge ux is full, i.e., ux
already appears in 18¢ paths in P. Similarly, there are most ¢/6 vertices z € V(G) \ {v} such
that the edge vz is full. Since

2 6 6

there exists at least one z, € V(K;) \ {u,v} such that P U {(u, ze,v)} still satisfies Conditions
(a) and (b). O

t t 9
+2~<1+>:t+2<t,

We can conclude that a large value of the concurrent flow LP implies large linkage capacity.
Theorem 6.4. Let H be a graph and W C V(H). Then v(H) > e(H, W) - [W|?/108.

Proof of Theorem 6.4. Let D € N be the integer obtained from Lemma 6.2 and set D’ :== 18 - D.
Let ¢ .= D - e(H,W) which, by Lemma 6.2, is an integer. Observe that e(H, W) < 1/|W]|, so
D > g - |W]|. Finally, let s := ¢ - |W]|.

Consider the graph H ® Jopr and let

X = {w® |weW,iels]}

We show that X is matching-linked in H @ Jopr. Let M be a matching on X. Let M := (M)
be the H-projection of M. Observe that degg;(w) < s =g |[W| for all w € W.

Lemma 6.3 finds an M-linkage Q = (Puv)weE(M) in K; 4 (where V(K;4) = W) such that
every edge of K;, appears in at most 18 of those paths. Moreover, by Lemma 6.2, the graph

H contains a D-congested Kig-linkage Q' = (Py,)uwer(k,,)- We construct a D’-congested

M. -linkage @ = (ﬁm,)m) cB(IT) in H as follows. For every uwv € E(M) we obtain ﬁm, from P, by

substituting P! for every edge e appearing on P,,. Clearly, Q) is D'-congested since D' = 18 - D.
So there is an uncongested M-linkage in H ® Jopr by Lemma 2.5.
Overall, we get that X is matching-linked in H ® Jypr. So

2
V(G)Z;'zﬁ‘)' :;,'Zé'-vg - 1(1)8'(1.’1‘)4/’ :%'
by Lemma 3.7. O

e(H,W) - [W[
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To bound the linkage capacity by the treewidth, we combine Theorem 6.4 with the following
lemma that is (implicitly) shown by Marx [59].

Lemma 6.5 ([59]). Let H be a graph of treewidth t. Then there is a set W C V(H) such that
[W| =t and e(H,W) = Q(1/(tlogt)).

The basic idea to prove the lemma is to consider a set W C V(H) of size t that does not
admit balanced separators; large treewidth guarantees such a set (see [59, Lemma 3.2]). Then,
using results from [37, 55|, we obtain a bound on the optimal value of the dual LP, which gives

e(H,W)=Q(1/(tlogt)) (see [59, Proof of Lemma 3.6]).
Corollary 6.6. Let H be a graph of treewidth t. Then v(H) = Q(t/logt).

In particular, combining Theorem 1.2 and Corollary 6.6 allows us to recover the complexity
lower bounds on COLSUB(H) proved in [59].

7 Implications for Counting Small Induced Subgraphs

We conclude with an application of our lower bounds for the complexity of counting induced
k-vertex subgraphs. A k-vertex graph invariant ® is an isomorphism-invariant map from k-vertex
graphs H to some ring. We consider ® to be fixed and wish to sum ®(G[X]) over all k-vertex
subsets X of an input graph G to count, e.g., the planar or Hamiltonian induced k-vertex
subgraphs of G. Formally, for a k-vertex graph invariant ®, the problem #INDSUB(®) takes as
input a graph G, and asks to compute

#IndSub(® — G) = Y ®(G[X)).
XCV(G)

This problem was first studied in its parameterized version (where k is part of the input) by
Jerrum and Meeks [46, 47, 48] and received significant attention in recent years |23, 24, 31, 32,
33, 38, 63, 64].

To determine the complexity of #INDSUB(®), recent works usually analyze the alternating
enumerator to build a generic reduction from #COLSUB(H ). Formally, the alternating enumerator
of a graph invariant ® on a graph H is defined as?

O(H) = (-1)IFEL N (—1)STa(H[S]),
SCE(H)

where H[S] has vertex set V(H) and edge set S. Now, suppose H is a k-vertex graph with
®(H) # 0. Then the problem #COLSUB(H) can be reduced to #INDSUB(®) in polynomial time
(see, e.g., |24, Lemmas 3.3 & A.3]). Hence, building on Theorem 1.2, we also obtain new lower
bounds for #INDSUB(®) assuming ®(H) # 0 for suitable graphs H. In particular, we obtain
the following result via Lemma 5.3 which improves over the corresponding lower bound in |24,
Theorem 3.5(a)] (see also [31] and [32, Lemma 2.2]). We give a proof in Appendix D.

Theorem 7.1. There is a universal constant ayp > 0 and an integer Nog > 1 such that for all
numbers k, £ > 1, the following holds: If ® is a k-vertex graph invariant and there exists a graph
H with ®(H) # 0 and E(H) > k- { > Ny, then #INDSUB(®) cannot be solved in time O(nom»t)
unless ETH fails.

As pointed out in Section 1.2, the weaker version, which only rules out an exponent of
anp - £/+/log ¢, has been used to derive various lower bounds for specific types of invariants in
[24, 32, 64]. All these lower bounds are improved by our new results. Let us give one concrete
example, which improves over |24, Corollary 5.2|. For a k-vertex graph invariant ®, we write
supp(®) for the set of all graphs H with V(H) = [k] and ®(H) # 0.

4The precise formula is not relevant here, but we still give it for completeness.
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Corollary 7.2. For every 0 < € < 1 there are Ngo,d > 0 such that the following holds. Let
k

k > Ny and let © be a k-vertex graph invariant with 1 < |supp(®)| < (2 — 8)(2). Then no

algorithm solves #INDSUB(®) in time O(n®*) unless ETH fails.

We stress that the exponent in the lower bound of Corollary 7.2 is asymptotically optimal.

Proof. Let 0 < e < 1. By [24, Theorem 5.1] there is some ¢’ > 0 such that for every k > 1 and
every k-vertex graph invariant ® satisfying the condition of the theorem, there is a k-vertex graph
H such that ®(H) # 0 and |E(H)| > ¢’ - (g) Therefore, the theorem follows from Theorem 7.1
by setting § == % -8’ - aynp and choosing £ == % 0 k. O
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A Linkage Capacity
In this section we prove Theorem 3.10.

Proof of Theorem 3.10. We first prove the following claim.

Claim A.1. There exists an algorithm A that given a vertex set X of H ® J¢ and a matching M
with vertex set X, checks if there is an uncongested M -linkage in H ® Jy in time O(tf(k)).

Proof. Our algorithm works in two steps. In the first step, we select a collection of paths in H.
In the second step, we embed the paths into H ® J;. First, for each pair of vertices u,v € H, we
write P, , for the set of simple paths from u to v in H. We write P for the union of all P, ,.
Note that |P| < k?** and that we can enumerate all elements in P in time O(k>%).

In the next step, we consider all collections @ of P with multiplicity at most ¢.> We check if
@ defines an uncongested M-linkage in H ® J; using the following subroutine.

Let V := V(H ® J;) and N := M. For an edge vyl e N, check if there is a path

P = (v,ag,...,as_1,u) in Q. If so, check if there is a vertex agbi) in V for each i. This defines a
path P/ = (v(i), agbl), . ,agljfil),uj) in H @ J; that goes from v® to ) since P is a path in
H. Lastly, remove P from Q, v®@u() from N, and the vertices of P’ from V. We repeat this
process until either we abort, or N is empty. If N is empty, then Q' defines a valid uncongested
M-linkage since for each edge v®Wul9) € M there is a path in Q from v to u¥), and each vertex
appears in at most one path. This subroutine runs in time O(t - k?) since there are at most
t -k many edges in M, we can find a path P in Q in time O(log(k***)) using some basic data
structure, and we can embed P in G in time O(k) in G.

We apply this subroutine to all collections @ of P with multiplicity at most ¢. If we find
an uncongested M-linkage this way, we return that X contains an uncongested M-linkage.
Otherwise, we return false. Since there are at most (¢ + 1)’“%’c many possible collections, the

algorithm runs in O((t + l)ka - tk®) which is in O(t/®) for f(k) = k>t J

To find a matching-linked set X of maximum size, we first observe that each vertex set
X C H ® J; corresponds to a multiset X’ of H where X’ contains the vertex v with multiplicity
[{v® 4 € [t]}|. Thus X’ has multiplicity at most t.

It is easy to see that if two vertex sets X and Y define the same multiset X’ then there is an
automorphism in H © J; that maps a vertex v(? only to a vertex of the form v and that maps
X to Y. Given a matching M on X and a matching N on Y, this automorphism also maps each
uncongested M-linkage to an uncongested N-linkage. Thus X is a matching-linked set if and
only if Y is a matching-linked set. So, we only have to consider the (¢ + 1)¥ many multisets of
H' with multiplicity at most ¢.

Further, we apply the same idea to matchings M in H ® J;. For each edge vWul) € M, we
add vu to a multiset M’. Observe that M’ has multiplicity at most ¢. It is now easy to see that if
two matchings M and N correspond to the same multiset M’ then H ® J; contains a M-linkage
if and only if H ® J; contains a N-linkage. Thus we only have to consider the (¢ + 1) many
multisets M’ with multiplicity at most ¢.

Lastly, to find the maximal linked set we first iterate over all multisets X’ of V(H) with
multiplicity at most t. Each X’ defines a vertex set X = {v(® : 1 < i < d(X/)} where d(X!)
is the multiplicity of the vertex v in X’. To check if X is matching-linked, we iterate over all
multisets M’ with multiplicity at most t. Each set M’ defines a matching M in the following
way. Let V := V(H @ J;). For each vu € M’, we add vDul) to M where i :== min(s : v(*) € V)
and j := min(s : ul® e V).% If not possible, we just ignore M’ and consider the next multiset.
Then remove v and v from V and continue with the next element in the multiset M.

5This means that each path P appears at most t times in Q
6if v = u, then we add v@vtY) to M.
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This way, we obtain a matching M that corresponds to M’. We check M is a matching on X.
If not, we check the next multiset M’. Otherwise, we use algorithm A from Claim A.1 to check
if X is a M-linkage. If this is not the case, then X is not matching-linked. After considering all
(t+ 1)k2 many multiset M’, we know if X is matching-linked. By applying this procedure to all
multisets X', we find the largest matching-linked set X in time

O((t+1DF -t + D" ¢+ )™ . 4k3),
vertex sets matchings Algorithm A
which is in O(t/(®)) for f(k) = 3k>**. O

B Linkages in BeneS Networks

We prove Theorem 4.2. First, we consider linkages between inputs and outputs in plain Benes
networks. Algorithm 2 guarantees the existence of such linkages and constructs them efficiently,
as shown in Lemma B.1. Linkages between inputs and outputs in plain Benes networks then
readily imply linkages among inputs in augmented Benes networks.

Lemma B.1 ([6]). Given as input £ € N and a perfect matching M between the s = 2° inputs
and outputs of By, the procedure BENESLINK({, M) in Algorithm 2 computes an M -linkage in By
in time O(slogs).

Proof. We first validate Line 20 by proving that the resulting graph D is always bipartite.
Construct two graphs Dj and D containing only the edges added on Line 18 and Line 19
respectively. Trivially, Dy is a perfect matching. We show that D, is also a perfect matching,
which implies that the graph D contains only even cycles and is hence bipartite. For each i € [s],
we let (i) := i + s/2 where addition tacitly wraps into range [s], so r(r(i)) = i. Let m € S, be
the permutation specified the perfect matching M; that is, v;w, ;) € M. By the construction of
Line 19, an edge ab is in Dy if and only if a = 7~ 1r7(b). Because (7~ 1r7)(r~lrr) = id; is the
identity mapping, the mapping 7~ 'r7 defines the perfect matching Ds.

We then prove by induction that the collection of paths @ returned by BENESLINK(¢, M)
indeed forms an uncongested M linkage. The base case Bj is easy to verify. Suppose this is true
for By_1, meaning Q" in Line 8 is a M-linkage in B" (and the same for @* in Line 10). First,
the new edges v;L(i) and R(j)w; exist due the construction of By, so @ is indeed a collection of
paths. To show that ) is uncongested, note that each vertex v and v} is adjacent only to v. and
Veys/2, SO the constraints introduced in Line 18 ensure that the mapping L is injective. Therefore,
all vertices v] and v} appears in exactly one path in (). For the same reason, all vertices w] and
w} appears in exactly one path in @, too. Together with the induction hypothesis, the set @ is
uncongested.

Finally, we analyze the running time 7'(s) of BENESLINK(, M) for s = 2¢ in the word RAM
model. Because the mapping 7~ !r7 is easy to compute, Line 20 can be implemented in ©(s)
time by a DFS. All the other operations except for the recursive calls cost O(s) time in total. We
obtain the recurrence T'(s) = 27'(s/2) +©(s), with T'(s) = ©(slog s) by the Master Theorem. [

Proof of Theorem 4.2. Let ¢ € N and s = 2%, and denote the inputs and outputs of the augmented
network By by V = {v1,...,vs} and W = {wy,...,ws}. Note that these sets also exist in the
plain network By. Given a perfect matching M = {e1,..., e /2} on vertex set V', we construct
an M-linkage in By in time O(slogs).

First, define from M a perfect matching M between V and W to be used in the plain network:
For i € [s/2], write e; = ab and include edges awsy;—1 and bwg; into M. Lemma B.1 finds an
M-linkage @ in the plain network By in time O(slogs). We construct from @ an M-linkage Q
in By: For ab € M, writing w and w’ for the unique partners of a and b in M, the concatenated
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Algorithm 2 Routing from inputs to outputs in plain Benes networks
1: procedure BENESLINK (¢, M) computes an M-linkage in By
2 if /=1 then

3: ‘ return M, interpreted as linkage

4: else
5
6

ko 2°
F,L, R +RESOLVECONFLICT(s, M)
> match inputs/outputs of By with inputs/outputs of BLI or B;_,
> here, F': [s] = {T,}
> L:[s] — {v], .'1,*2//2. vy, ,l,‘i/z} maps to an input in B} | or By,
> R:[s] — {w],- - .’11';/2, Wy, - .11,':/_2} maps to an output in U;—l or B;_;
M" «—{L()R(j) | F(i) = T,viw; € M}
: Q' = {PJTwT} < BENESLINK(/ — 1, M) > find linkage in B)_|
9: MY~ {L(@)R(j) | F(i) = |,v;w; € M}
10: Q" ={P}, .} « BENESLINK({ — 1, M) > find linkage in B,
11: for i € [k] do let j be the unique index such that v;w; € M
12: L Let Py, < v;L(i) 0 Pf((;))R(j) o R(j)w; and add to Q
13: return Q
14: procedure RESOLVECONFLICT(s, M) outputs three mappings F', L and R
15: Define t(i) := Z.’ Z < 5/%
i—8/2, i>s/2.
16: Let D = ([s],0). > undirected 2-reqular conflict graph
17: for i € [s/2] do add edges ab to D > adding two conflicts per iteration
18: with a =4 and b =i+ s/2 > conflicting paths at inputs i and i+ s/2
19: with unique a, b such that vw; € M and vpw;y 50 € M

> conflicting paths at outputs i and i + s/2, translating to inputs a and b

20: Compute a proper 2-coloring F' of D using colors {1, ]}
21: Construct L by letting L(7) < vt};i()l).
22: Construct R by letting R(j) < wﬁj(;)

where i the unique index with v;w; € M.

path P,y = Pa, ww' Py, exists in By. Because all paths Py, exist in By and are vertex-disjoint,
it follows that @ = {Pyp | ab € M} is an M-linkage in By. O

C Linkages in Random Graphs

We use G(k,p) for the Erdés-Rényi random graph model with edge probability p on k vertices,
and G(k,m) for the uniform distribution over all graphs with k vertices and m edges.

An equipartition of a set M into r parts is a partition My, --- , M, such that |M; — M;| <1
for all 4,7 € [r].

Theorem C.1 (|15, Corollary 1.1]). Let e > 0 be a constant and d(k) > (1+¢)log(k). With high
probability, for random H ~ G(k,m) with even k and m =k - d(k)/2 and any perfect matching
M on vertices [k], with high probability a random equipartition of M into r = [Blog(k)/log(d)]
matchings My, ..., M, satisfies that H contains an M;-linkage for all i € [r].

We first transfer the above result from the G(k, m) model to the G(k, p) model.

Corollary C.2. Let &' > 0 be a constant and p > (1 + £')log(k)/k. With high probability, for
random H ~ G(k,p) with even k and any perfect matching M on vertices [k], with high probability
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a random equipartition of M into r = [[log(k)/log(kp)| matchings M, ..., M, satisfies that H
contains an M;-linkage for all i € [r].

Proof. Let P be the graph property specified in Theorem C.1 that G(k, m) satisfies with high
probability, and P be the negation of P. We show that, in the setting of this corollary, any graph
drawn from the G(k, p) model satisfies P with high probability.

Note that P is a monotone increasing property, meaning if H satisfies P then H + e satisfies
P too. Therefore, P is monotone decreasing. By coupling, it holds that

Pr [HeP]< Pr [HEeTP| for m1 > mo. (5)
H~G(k,m1) H~G(k,m2)

Take ¢ = ¢//3, and set m* := llfzasp : (g) Draw a graph H ~ G(k,p). By the law of total
probability, we have

P HeP E P HecPA|EH)| >m".
ngfk,p)[ €P] < ng( [I (H )\<m]+ o )[ €EPA|E(H)| > m"] (6)

&) )
We bound term (I) by a standard Chernoff bound

- ()< (- 52) O (s v

We bound term (2) by the following.

@ = Z R [HeP| B =] Pr [E(H)] =1

(’5)

2 B €PL B IEG) =1

()
< P H eP]- P E(H)| =t by (5
—t%;*H/NG&,m*)[ -, Br IB(H) =1 (by (5))

(2)
= P H cP E t] < P H' € P].
il EPV 2 B BN =d s B € P

Because

2m* S 143 k-1
k 1+ 2¢ k
we invoke Theorem C.1 with constant € for large enough k, to see that (2) is also negligible. [

> -(1+4¢)logk,

Proof of Theorem 5.4. Assume k is even. We extend the matching M to a perfect matching
M’ by pairing the unmatched vertices. By Corollary C.2, a random equipartition of M’ into
M, -+, M/ satisfies the desired property. We then drop the edges in M’ \ M from this partition
to obtain My, --- , M, with the desired property.

Assume k is odd. Given the matching M, we find an arbitrary unmatched vertex w € V(H).
The induced subgraph H — w is subject to the uniform distribution G(k — 1, p). In the regime of
Corollary C.2, if p = p(k) > (1 + ') log(k)/k, then p(k — 1) > (1 + &”)log(k)/k for some other
constant ¢” > 0. Therefore, we can invoke Corollary C.2 again, and the rest of the argument is
the same as the even k case. O
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D Counting Small Induced Subgraphs

We give a proof of Theorem 7.1, relying on [24, Lemma 3.3 & A.3|, stated below.

Lemma D.1 (|24, Lemma 3.3]). Given a k-vertex graph invariant ®, for k > 1, we have

#IndSub(® — *) Z O(H) - #Sub(H — *), (7)

where H ranges over all unlabelled k-vertex graphs.

Let G = (V, E, c) be a colored graph where c: V(G) — C. We define G° = (V, E) to be the
uncolored version of G. For i € C, we write V;(G) for the vertices of color i, and for i, j € C, we
write E;;(G) for the edges in G with one endpoint of color ¢ and another of color j. For X C C
and Y C (g), let G\ xy be the graph obtained from G by deleting all vertices with colors from
X and all edges whose endpoints have a color pair from Y, i.e,

Gxy=(V\UW BN By |-

i€X ijey
The following observation is immediate.

Observation D.2. For graphs H and G with canonically colored H, we have
#Sub(H — G) = #Sub(H — G\(Z) W)
Also, we write G = H to denote that two (colored or uncolored) graphs G, H are isomorphic.

Lemma D.3 (|24, Lemma A.3|). Let k € N and let the following be given:

e Numbers aq, .. € Q and pairwise non-isomorphic uncolored graphs Hi, ..., Hs with
|\V(H;)| =k for all i € [s], which define the graph invariant

= o #Sub(H; = *),

e o canonically colored graph H with V(H) = [k] and H®° = H, for some b € [s], and
e a colored graph G with coloring c : V(G) — [k] satisfying E;;(G) =0 for ij ¢ E(H).

Then we have

a,- #Sub(H —» G) = > (=1)FMr(aoy ).
XCV(H)
YCE(H)

With these tools at our disposal, we are ready to prove Theorem 7.1.

Proof of Theorem 7.1. Let ® be a k-vertex graph invariant and suppose H is a graph with
</IS(H) #0and E(H) > k- £ > Ny. Without loss of generality assume V(H) = [k]. We give an
algorithm for #COLSUB(H ) that uses an algorithm for #INDSUB(®) as a subroutine.

Let G be the input graph for the problem #COLSUB(H ). We may assume that G = G\&m

by Observation D.2. We wish to determine #Sub(H®" — G). By Lemma D.1 we have

#IndSub(® — *) Z O(F) - #Sub(F — %) =: f(%),

28



where F' ranges over all k-vertex graphs. Invoking Lemma D.3, we obtain that

®(H) - #Sub(H" = G) = Y (=D FIF(Go ). (8)
XCV(H)
YCE(H)

So we can compute #Sub(H“" — G) by evaluating the right-hand side of (8) and dividing
by ®(H) # 0. Note that all relevant values f(GVx ) can be obtained by the oracle calls
#IndSub(® — GiXY) without parameter increase in overall time 2/VH)IHEU)[ . nO0M) = The

value a(H ) can be computed by brute-force by evaluating ® on 20(k?) many k-vertex graphs.
Hence, an O(n”*) algorithm for #INDSUB(®) gives an O(n®?*) for #CoLSUB(H) for some
suitable fixed constant ¢. Now, the theorem follows from Theorem 1.3 O
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